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Laplace operators in deRham complexes 
associated with measures 
on configuration spaces 

Sergio Albeverio, Alexei Daletskii, Yuri Kondratiev, Eugene Lytvynov 

Abstract 

Let Tx denote the space of all locally finite configurations in a complete, stochastically 
complete, connected, oriented Riemannian manifold X, whose volume measure m is infinite. 

In this paper, we construct and study spaces L 2 ^Q n of differential n-forms over Ry that are 
square integrable with respect to a probability measure y on IK- The measure y is supposed 
to satisfy the condition T,' m (generalized Mecke identity) well known in the theory of point 
processes. On L 2 ^ fi", we introduce bilinear forms of Bochner and deRham type. We prove 
their closabilty and call the generators of the corresponding closures the Bochner and deRham 
Laplacian, respectively. We prove that both operators contain in their domain the set of all 
smooth local forms. We show that, under a rather general assumption on the measure //, 
the space of all Bochner-liarmonic //-square integrable forms on R consists only of the zero 
form. Finally, a Weitzenbock type formula connecting the Bochner and deRham Laplacians is 
obtained. As examples, we consider (mixed) Poisson measures, Ruellc type measures on r R d, 
and Gibbs measures in the low activity-high temperature regime, as well as Gibbs measures 
with a positive interaction potential on r_\'- 
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1 Introduction 


Let Tv denote the space of all locally finite configurations in a complete, stochastically complete, 
connected, oriented Riemannian manifold X of infinite volume. The growing interest in geometry 
and analysis on the configuration spaces Tx can be explained by the fact that these naturally 
appear in different problems of statistical mechanics, quantum physics, and the theory of point 
processes. In [^, |], ||, an approach to the configuration spaces as infinite-dimensional manifolds 
was initiated. This approach was motivated by the theory of representations of diffeomorphism 
groups, see |27|, |28], ^4| (these references as well as || 111 also contain discussion of relations with 
quantum physics). We refer the reader to @011’ pTT| j and references therein for further discussion 
of analysis on the configuration spaces and applications. 

On the other hand, stochastic differential geometry of infinite-dimensional manifolds, in partic¬ 
ular, their (stochastic) cohomologies and related questions (Laplace operators and Sobolev calculus 
in spaces of differential forms, harmonic forms, Hodge decomposition), has been a very active topic 
of research in recent years. It turns out that many important examples of infinite-dimensional 
nonflat spaces (loop spaces, product manifolds, configuration spaces) are naturally equipped with 
probability measures (Brownian bridge, Poisson measures, Gibbs measures). Properties of these 
measures depend in a nontrivial way on the differential geometry of the underlying spaces them¬ 
selves, and play therefore a significant role in their study. Moreover, in many cases the absence 
of a proper smooth manifold structure makes it more natural to work with l 2 -objects (such as 
functions, sections, etc.) on these infinite-dimensional spaces, rather than to define analogs of the 
smooth ones. 

Thus, the concept of an L 2 -deRham complex has an important meaning in this framework. 
The study of l 2 -cohomologies for finite-dimensional manifolds, initiated in [16], has been a subject 
of many works, see e.g. [ 


24| and the review papers J||, |4q]. 


case, loop spaces have been most studied 


29, 36, 


the papers 


In the infinite-dimensional 
, 37] containing also a 


review of the subject. The deRham complex on infinite product manifolds with Gibbs measures 
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(which appear in connection with problems of classical statistical mechanics) was constructed in 
||, (see also [17] for the case of the infinite-dimensional torus). We should also mention the 
papers [ 6 ], |l3|, [14|, [l^, where the case of a flat (Hilbert) state space has been considered (the 
L 2 -cohomological structure turns out to be nontrivial even in this case due to the existence of 
interesting measures on such a space). 

In [ ; 3j, f|], the authors started the study of differential forms over the infinite-dimensional space 
rx and the corresponding Laplacians (of Bochner and deRham type) acting in the L 2 -spaces with 
respect to a Poisson measure. In [||, the associated L 2 -cohomologies have been investigated. 

Another approach to the construction of differential forms and related objects over Poisson 
spaces, based on the “transfer principle” from Wiener spaces, was proposed in |4iJ, see also [47 


and |4q| . 

It should be stressed that the choice of an underlying measure plays a crucial role in all these 
studies. The results of [j|[, [|, j§] have only covered the case of Poisson measures, which are re¬ 
lated to mathematical models of “free” systems, i.e., systems without interaction. The choice of 
more complicated measures, such as Gibbs type perturbations of Poisson measures, is particu¬ 
larly motivated by the study of interacting systems of classical statistical mechanics. Properties 
of the corresponding Laplace operators may then strongly depend on the choice of an appropriate 
measure. 

In order to develop a reasonable theory covering also this case, we need to restrict ourselves 
to a class of measures on Tj that possess a certain regularity. So, we consider those measures p 
which satisfy the following condition: for any measurable function F : Pv x X —* R, F > 0, 


[ n{dl)^ J F{l,x)= [ n{d'i) f 

•IT X X £ry J^X 


H(d'y) / <j('y,dx)F(j\J (x},.t), 

r x Jx 


( 1 . 1 ) 


where 17 ( 7 , •) is a Borel measure on X which is absolutely continuous with respect to the volume 
measure m on X for p-a.e. 7 £ Fx- In particular, the Poisson measure with intensity p{x)m(dx ) 


satisfies (1.1) with < 7 ( 7 , dx) = p(x) m(dx), and in this case ( |1 . 1|) becomes the classical Mecke identity 
[43], see also ji(], |3l]]. Furthermore, as shown by Georgii |2q] and Nguyen and Zessin a. (Si 
holds for all Gibbs measures. The class of all probability measures on T,y satisfying ®) was 
singled out in |42|] (see also @]), where (LI) was called condition T.' m . A relation between this 
condition and an integration by parts formula for a measure p was studied in |3^] . 

An iterated application of (IT) to a function F : Tx x X k —> M, k £ N, gives rise to a family 
of random measures a ^( 7 ) on X k . 

The structure of the present paper is as follows. In Section 2 we recall the definition of a 
differential form over Py, first given in |3|, [|], and introduce the spaces L 2 H n of forms that are 
square integrable with respect to p. We construct a unitary isomorhism 


/" : L^S!" ©iJ(r A - -> U LJ W( 7 ) ^ S „(X7, 


(1.2) 


fc=l 


7 er x 


where L 2 ^(Tx —> U Ll w , . ^ r g ym (A’ fc )) is the space of /r-square-integrable mappings 

7 GIA 


Pl37- W( 7 ) G Ll W{i) ^ ym (X k ), 


(1.3) 
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and L^ (fc) ^ ) 'I , g ym (X fc ) is a space of n-forms over X k that are square-integrable with respect to 

a^ k \ 7 ) and satisfy some additional conditions. In the case where g is a Poisson measure n, the 
isomorphism I n was constructed in |5|. 

In Section 3, we define Bochner type operators in L^ t O n . First, we introduce the bilinear form 

tf, n (wW,wW):= [ <V r wW(7),V r W^(7))i«(d7) 

Jr x 


on the space of smooth local forms, where V r is the covariant derivative on Tx (introduced in 
0 ,0), and prove its closability. We call the corresponding generator H^ n the Bochner Laplacian 
on Tx associated with /i. 

Further, we show that, under the action of the isomorphism I n , the form can be expressed 
via Bochner type bilinear forms associated with the measures a^ k \ 7 ) on X k , k = 1,... ,n, 

/i-a.e. 7 e T\- As an application of this result, we derive sufficient conditions for the space of 
all Bochner-harmonic /x-square integrable forms on Tx to consist only of the zero form. Let us 
remark that we do not assume extremality of fi. so that nonconstant /x-square integrable harmonic 
functions on Tx may in general exist @- 

In Section 4, we introduce and study the structure of the deRharn complex in the spaces L‘j l £l n . 
Following j|], we first define a Hodge-deRham differential d n on the space of smooth local forms. 
We prove the closability of the d n ’s as operators from into L^O n+1 and consider the Hilbert 

complex 


L 2 n n 7L 


L fan + 1 ^±1 


where d n ’s are the corresponding closures. Next, we define a Hodge-deRham Laplacian H 
the generator of the closed form 


R 

/i,,71 


as 


^ n (W {1) ,W (2) ):= 




on with domain D{£ kk n ) = D(d n ) n -D(d*_i). We prove that, under certain additional 

conditions on fi, the domain of the operator H^ n contains smooth local forms. This gives us a 
possibility to prove, for H® and , an analog of the Weitzebock formula. 

In Section 5, we consider our main examples: Gibbs measures with pair interaction on Tx- 
More exactly, we consider in details Ruelle type measures on r Rt i (cf. [0]), and Gibbs measures 
in the low activity-high temperature regime, as well as Gibbs measures with positive potentials on 
Tx- In these cases, we get more explicit expressions for the Bochner and deRharn Laplacians. 

It is a great pleasure to thank D. B. Applebaum, K. D. Elworthy, P. Malliavin, M. Rockner 
for their interest in this work and helpful discussions. The financial support of SFB 256, DFG 
Research Projects 436 RUS 113/593 and 436 UKR 113/43, BMBF Research Project UKR-004-99, 
and the British-German research project 313/ARC-pz-XIII-99 is gratefully acknowledged. 


2 Differential forms over a configuration space 

Let A be a complete, connected, oriented, C°° Riemannian manifold of infinite volume. Let d 
denote the dimension of X. Let (■, -) x denote the inner product in the tangent space T x X to X at 
a point x e X. The associated norm will be denoted by | • \ x . Let stand for the gradient on X. 
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The configuration space Ry over X is defined as the set of all locally finite subsets (configura¬ 
tions) in X: 

Ry := { 7 C X | | 7 a| < oo for each compact A C X }. 

Here, 7 a:= 7 H A and \A\ denotes the cardinality of a set A. 

We can identify any 7 £ Tx with the positive, integer-valued Radon measure 

'y ] G A4 (X), 

x£y 

where e x is the Dirac measure with mass at x, ^2 xe0 £ x :=zero measure, and M{X) denotes the 
set of all positive Radon measures on the Borel er-algebra B(X). The space Ry is endowed with 
the relative topology as a subset of the space M(X) with the vague topology, i.e., the weakest 
topology on Ry with respect to which all maps 

Ry 9 7 (/, 7 ) := f f(x) 7 (dx) = ^2 f ( x ) 

J X x£j 

are continuous. Here, / £ C'o(A’)(:=the set of all continuous functions on X with compact support). 
Let B{Tx) denote the corresponding Borel u-algebra. 

The tangent space to Ry at a point 7 is defined as the Hilbert space 

T 7 Ry:=L 2 (X - TX ; 7 ) = © T x X. (2.1) 

The scalar product and the norm in T 7 Ry will be denoted by (-,-) 7 and ||-|| , respectively. Thus, 
each R(y) £ T 7 Ry has the form R(y) = (R( 7 ,x)) xe7 , where R(y ,x) £ T x X, and 

nn7)ii? = Ei^» a; )i'- 

x£"f 

We now recall how to define derivatives of a function F : Ry —> K. Let 7 £ Tx and x £ 7 . 
By 0 7;X we denote an arbitrary open neighborhood of x in X such that 0 7jX n (7 \ {x}) = 0 . We 
define the function 

9 V ^ Fx(h y)'- = F{l ~ e x + £y) G 

We say that F is differentiable at 7 £ Tx if, for each x £ 7 , the function F x ( 7 , •) is differentiable 
at x and 

V r F( 7 ):=(Vf F( 7 )),e 7 G T 7 R Y , Vf F( 7 ):=V X F X ( 7 ,x). 

Analogously, the higher order derivatives of F are defined, (V r )^F( 7 ) £ (T 7 Rx)® fc , k £ N. 

Let O c (X) denote the set of all open relatively compact sets in X. A function F : Ry —► R is 
called local if there exists A £ O c (X) such that F(y) = F( ja) for each 7 £ Ry. 

Any function of the form 

^( 7 ) =ffF((<Pi,7)>---,(<PN,7)), ( 2 - 2 ) 
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where gF G C^°(M Ar ) and ipi,..., £P:= C'^ >0 (X)(:=the set of all infinitely differentiable func¬ 

tions on X with compact support), is local, bounded, infinitely differentiable, and the derivatives 
of F are polynomially bounded: 

C 0 (X), <p> 0 : ||(V r ) (fc )F( 7 )||^ rx)0 , < <^, 7 ) fc for all 7 € T x . (2.3) 

The set of all functions of the form (|2.2| ) will be denoted by FC™(V,T X ). 

Vector fields and first order differential forms on Tx will be identified with sections of the bundle 
TVx- Higher order differential forms will be identified with sections of the tensor bundles f\ n (TTx) 
with fibers 

A n (T 7 Tx) = A" ( © T x X | , (2.4) 

\xG~t / 

where f\ n (TL) (or TL An ) stands for the nth antisymmetric tensor power of a Hilbert space Ti. Thus, 
under a differential form W of order n, n G N, over Tx, we will understand a mapping 


T x 3 7 ^TT( 7 ) G A n (T 7 r Y ). 


(2.5) 


We will now recall how to introduce a covariant derivative of a differential form (2.5). 
Let 7 G T x and x G 7 . We define the mapping 


0 ltX 3 y ^ W x ( 7 , y)'-=W{p/y) € A n {T ly T x ), l y -=l~ e x + e y . 
This is a section of the Hilbert bundle 


A n (T Jy T x ) ~ y G 0 1]X . (2.6) 

The Levi-Civita connection on TV generates in a natural way a connection on this bundle. We 
denote by V^ x the corresponding covariant derivative and use the notation 

VfW( 7 ):=V^ W x (rt,x) G T x X ® (A n (T 7 Tx)) 
if the section W x ( 7 , •) is differentiable at x. 

We say that the form IT is differentiable at a point 7 if for each x G 7 the section W x ( 7 , •) is 
differentiable at x, and 


V r W( 7 ):=(Vf 1T( 7 )) x£7 G T 7 Tx ® (A n (T 7 Tx)). 


The mapping 


P Y 3 7 ^ V r W( 7 ) G T 7 Tx ® (A n (T 7 Tx)) 

will be called the covariant gradient of the form W. 

Analogously, one can introduce higher order derivatives of a differential form W. Precisely, the 
fcth derivative (V r )( fc )fV( 7 ) belongs to (T 7 Tx)® fc <8> (A n (T 7 Tx))- 
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Let us note that, for any rj C 7 , the space A n (T r] Tx) can be identified in a natural way with a 
subspace of /\ n (T^Tx)- In this sense, we will use the expression W{ 7 ) = W(r]) without additional 
explanations. 

A form W : Tx —> A n (TTx) is called local if there exists A = A(IF) E O c (X ) such that 
W{ 7 ) = W( 7 a) for each 7 E Tx- 

Let denote the set of all local, infinitely differentiable forms W : Tx —*► A n (TLx) such 
that there exist p E Co(X), p > 0, and l E N (depending on W) satisfying: 

l|H / (7)llA"(T 7 r x ) — for all 7 E Tx- (2-7) 

Below, we will give an explicit construction of a class of forms belonging to FTl n . 

Let p be a probability measure on (rx,H(rx)) which has all moments finite, i.e., 


Vfc G N, Wip G C'o(X), p > 0 : [ (p, j) k p(dj) < 00 . (2.8) 

Jv x 

Our next goal is to give a description of the space of n-forms that are square-integrable with 
respect to the measure p. 

Let denote the p-classes determined by XQ n . We dehne on XCl n the L 2 -scalar product 

with respect to the measure p: 


(Wi, / (^ 1 ( 7 )) H / 2(7))A"(T 7 r x ) Kd'y)- 

■'Tx 


(2.9) 


The integral on the right hand side of d2.9| ) is finite because of (2/7) and (2.8). Now, we dehne 
the Hilbert space = L 2 {Vx —>• /\ n (TTx)', p) as the completion of with respect to the 

norm generated by the scalar product ( |2.9|) . In what follows, we will not distinguish in notations 
between XQ n and TQ n , since it will be clear from the context which of these sets we mean. 

Let m denote the volume measure on X. From now on, we suppose that, for any measurable 
function F : Tx x X —► R, F > 0, 

/ K d l) [ l(dx) ^( 7 , x) = [ p(d'y) f dx) F(<y + e x , x), ( 2 . 10 ) 

Jr x Jx JT X Jx 

where £ 7 ( 7 , •) <S m for p- a.e. 7 G Tx- We shall use the notation 


p{i, x y- da [ 1, \ x)- 

am 

In the theory of point processes, this property of the measure p is called T,' m , see [|||]. All Gibbs 
measures, in particular, all Poisson measures satisfy this property, see [26, 43, 45]. We consider 
this case in Section |I]. 

We will need the following consequence of the property T,' m . Let : be the measure on X k 
given by 


:7® fc :(dxi,... ,dx k ) := ^ 


£■ 


y w 


■ ■■®E yk (dx 1,... ,dxk), 


{yi,-,yk}c.-y 
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where 


'vx 


-Vk 


(dxi,...,dx k ) '■= 


h\ z_^ y°m 

crGSk 


^Da(k) [dx\ ) ‘ ‘ ‘ ) ) ) 


denoting the group of all permutations of {1 ,..., k}. 

For fi- a.e. 7 G T.y, we denote by < 7 (^( 7 , •) the measure on X k given by 

o- (fc) ( 7 , dxi,..., dx k ):=a( 7 , dxi)cr (7 + £ X1 , dx 2 ) • • • < 1(7 + £ X1 4-h 

and let be the measure on Tx x X k defined by 

/j, < ' k \d'y,dxi ,..., dx fc ):=^(<i 7 )cj (A '' ) ( 7 , dx\,... ,dx k ). 

Lemma 2.1 For any measurable F :Tx x X k —> M, F > 0, k G N, 


k\ nidi) \ :'y® k :(dxi,...,dx k )F('y,xi,...,x k ) 

Jv x J X k 


I r x xx k 




( - k ' ) (dj,dx 1 ,... ,dx fc ) F(y + e Xl H-h e Xfc ,a:i, • • • ,x fc ). ( 2 . 11 ) 


Proof. We prove this by induction. For k = 1 , ( 2 . 11 ) is just ( 2 . 1 C ). Let us suppose that ( | 2 . 11 | ) 
holds up to k — 1 . As easily seen, 

k: 7® fc -(dx 1,... ,dx k ) = 7 (dx k ): (7 - -(dx 1,... ,dx k -i). 

Then, by the induction hypothesis we have 

k\ [ /iidj) [ :'y® k :(dx 1 ,...,dx k )Ffy,x 1 ,...,x k ) 

Jr x •’ x k 

= [ Kd'y) [ 7 (dx k )(k-l)\ [ :('y-£ Xh )® ( ' k ~ 1) :(dx 1 ,...,dx k _i)F(j,xi,...,x k ) 

J r x Jx Jx k ~' 

= /x(d'y) a(j,dx k ) : 7 0(fc ~ 1} :(dxi,..., dx k -i)F(-f + e Xk , xi ,..., x k ) 

Jr x Jx Jx k ~ x 

= n(d'y) \ r )® k ~ 1 \{dx\,... ,dx k -\) / (7(7, dx k )F(^ + e Xfc , xi,..., x k ) 

Jr x Jx k ~ k Jx 

= / P(dj) / o-(7, dx\) / <7(7 + £ Xl , dx 2 ) • • • 

Jr x Jx Jx 

■■■ <7(7 + e Xl H-h e Xfc _!, dxfc) F(7 + e Xl H-h £ Xfe , xi,..., x k ). ■ 

Jx 

We will now give an isomorphic description of the space L^f 2 n . We first need some preparations. 
Let ~ 

X k : = |(xi,..., x k ) G : x* / Xj if i / j| . 
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Notice that the set X k \ X k is of zero m® k measure. We have, for each (x \,..., x k ) E X k 


A”(T (il . n) X“) = A” (©T«xj = © 


(^x 1 -^0 A<1 A • • • A (T Xk X) Alk 


( 2 . 12 ) 


0<h 

h~\ - 1 - l^=n 


For a form c v : X k — »• A n {TX k ) and (xi,...,x k ) E X k , we denote by u(xi, ..., x k )i lt ___ t i k the 
corresponding component of w(xi,... ,x k ) in the decomposition ( 2 . 12 | ). 

We introduce a set v E'" ym (X , ' : ) of smooth forms uj : —* A n (TX k ) which have compact support 

and satisfy on X k the following assumptions: 


(i) ui(x i,.. -,= 0 if lj = 0 for some j E {1,... ,k}; 

(ii) u is invariant under the action of the group S k : 

u(x u ...,x k ) =u(x a ^,...,x a ^) for each a E S k . (2.13) 

(we identify the spaces T {xi ^ Xk) X k = ©f =1 T Xi X and = ®f =1 T Xa(i) through 

the natural isomorphism). 


Using (2.8) and Lemma 2.1 


we easily conclude that any mapping of the form 


T x x X k 3 ( 7 ,si,...,x fc ) F( 7 )w(®i,... ,x k ) E A n (T {xiy ^ Xk) X k ), 


(2.14) 


where F E FC™{V,Tx) and ui E 4 r ” ym (X fc ) belongs to the space L 2 (r_\- x X k —> A n (TX k ); fi^). 
Let L|(r x x X k —> A n (TX k )\ denote the closed linear span of all mappings of the form (|2.14| ) 
in L 2 (r x x X k —> A"(TX fc );/jW). It is not hard to show that the latter is just the space of all 
/i( fc )-square integrable mappings of the form 

r x xX k 3 ( 7 ,x 1 ,...,x k )^W( 1 ,x 1 ,...,x k ) El^ Xk} x k 


such that, for // fc )-a.e. ( 7 , xi ,..., x k ) E Tx x X k , 


Here, 


W( 7 ,xi,.. .,x k ) = W( 7 ,x cr(1 ),.. .,x a{k) ), a E S k . 

T {" ) 1 ,...^} Xfc : = © (T Xl X)^A---A(T Xk X)^. (2.15) 

li~\ - \-lk = n 


(Notice that the space r ii* is indeed independent of the order of the points x ±,..., x k .) 









Remark 2.2 Evidently, 

Ll(T x xX k ^/\ n (TX k )-^) = Ll(T x ^ IJ ^ {m)( 7 ) ^ ym (X-)), 

ier x 

where the latter space was defined in the Introduction (see formulas (1.2), (1.3)). 


By virtue of (2.4) and ( 2.15 ), we have 


A n (T 7 r Y ) = 0 0 ^ (n) 

k= 1 {ii,...,n}C7 


TV"' x X k . 


(2.16) 


For W 6 T Y —> A n (TT x ), we denote by 114(7) G ©fil,... A }C7 T S,. A } 1 * ^ COTreS P° nd - 
ing component of W{pf) G A n (T 7 T x ) in the decomposition ( |2.16 ). Thus, for {xi,...,Xfc} C 7 , 
114 ( 7 ,®ij ■ • •, %k) is equal to the projection of W ( 7 ) onto the subspace T dd ,I l . 

Proposition 2.3 The space L 2 t Q n is unitarily isomorphic to the space 

n 

0L|(r v x X k - A n (TX k y,fj.W), 

k =1 

where the corresponding isomorphism I n is defined by the formula 

W( 7 ,xi, ... ,x k ):=(k\)~ 1/2 114(7 + H-h £ Xk ,xi, ■ ■ -,x k ), k = l,...,n. 

Here, TfW := ( I n W) k is the k-th component of I n W in the decomposition ( |2.17 ). 

Proof. A direct calculation shows that 


(2.17) 


(2.18) 


l|W'(7)llA™(T 7 r x ) 




fc=i 


I x k 


,(n) 

{* 1 > —.®fc} 




: 7 ® fc : (dxi,... ,dx k ). 


(2.19) 


Therefore, by Lemma [2T], we have for any W G J~Pl n 

f 11^(7) II A n (T 7 r x ) P( d 7) 

JTy 


E 


rvxx fc 


11114(7 + £ X! + • • • + £x k , X\, . . . , Xfc)|P(„) 




X k 


(dj,dxi, ...,dx k ). 


k=i^x- 

Hence, I n is an isometry of the space Lf t Q n into the space (2.17). Next, the image of each mapping 
(2.14) under (/i n i ) _1 is given by 


Wiipf, x\,... ,xi) := 


( 2 . 20 ) 


0 , l k, 

(k\) 1 / 2 F (7 -e Xl - e Xk )u(xi ,... ,x k ), l = k, 

and evidently belongs to Xfl n . Therefore, I n is “onto.” ■ 

In what follows, we will denote by T>£l n the linear span of the forms defined by ( 2.2C| ) with 
k = 1,..., n. As we already noticed in the proof of Proposition |2.3| , is a subset of XVL n and 
is dense in L 2 Pl n . 

h 1 
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3 Laplace operators on differential forms over configuration spaces 

In this section, we introduce differential operators associated with the measure ^onTx which act 
in the space of square-integrable forms. These operators generalize the notions of Bochner and 
deRham Laplacians on finite-dimensional manifolds. But first, we consider the Dirichlet operator 
in the space L 2 (Tx; //)• 

3.1 Dirichlet operator on functions 

For each 7 £ Fx, consider the triple 

T 7 i 00 r.Y t r 7 r x d T 7 j 0 rx. 

Here, T^^Tx consists of all finite sequences from T 7 rx, and T 7 iOC Tx:= (T 7 i orx) / is the dual space, 
which consists of all sequences 1 /( 7 ) = (V( 7 , x)) x&1 , where V(^,x) £ T x X. The pairing between 
any £ T li00 Tx and 77 ( 7 ) £ T 7 ,oFx with respect to the zero space T 7 T x is given by 

(F(7),u( 7)) 7 = 5^(V(7,x), 17(7,2;))* 

(the series is, in fact, finite). From now on, under a vector field over Tx we will understand 
mappings of the form Tx 9 7 1 —> V{pi) £ T l oc Tx- 

We will suppose that, for n <g> m- a.e. ( 7 , 2 ;) £ Tx x X , p( 7 , 2 ) > 0 and for /r-a.e. 7 G Tx, the 
function ^( 7 , •) is weakly differentiable on X. We set 

/3 a { 7, := M ® m- a.e. ( 7 , 2 ) G Tx x X 

p(7,x) 

(/5cr( 7 , •) is called the logarithmic derivative of the measure ( 7 ( 7 , •)). 

The logarithmic derivative of the measure p is set to be the p- a.e. defined vector field on Tx 
given by 


7 1 ¥ -^( 7 ) — (l^i(7> a:: ))a;e7 £ r 7j00 rx, 

Bn{l,x) := A, (7 - £x,x). 

We dehne a bilinear form on the space L 2 (Tx; m) by setting 


S, 


1 (f( 1) I f( 2) ):= [ (V r F( 1 )(7),V r F( 2 )( 7 )) 7/ x(d 7 ), 
4rv 


(3.1) 


where FW,F( 2 ) G D(^):=^C7§°(X>, T x ). By @, Q, and Theorem 2.4], (£„, TC™(V, T x )) 
is a pre-Dirichlet form. 


Theorem 3.1 Suppose that, for any A G O c (A"), 


/ ( I- B m(7,®)U mO^y) < °°- 

r v \xS7A / 


(3.2) 
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Then, for any F ( - l \ F 2 ' 1 G IFC^(V, Tx), we have 


S^F^,F^) = [ (H li F^)('y)F^('y)^d'y), 

Jv x 

where is the operator in the space L 2 (Vx] h) with domain !FC^(V,Tx) given by 
(H,F)( 7 ) := -A r F( 7 ) - (V r F( 7 ), 5„( 7 )> 7 , F G XC^(V, T x ). 


Here, 

A r F( 7 ) := Y, A^>( 7 ), A a F( 7 ):=A a F x ( 7 ,.t), 

xG'y 

where A a denotes the Laplacian on X corresponding to the volume measure m. 


(3.3) 


(3.4) 


(3.5) 


Corollary 3.2 (£ M , FCffifD, Tx)) is closable on L 2 (Txt 1 )■ Its closure, denoted by (£ M , D{£^)), is 
associated with a positive definite self-adjoint operator, the Friedrichs extension of H M , which we 
also denote by H M . 


Remark 3.3 In case of a Ruelle measure, a theorem on the L 2 -generator of the biliear form ( |3.1| ) 
was proved in [10]. A theorem on the closability of the form (3.1) in the case of a Gibbs measure 
on a manifold X was proved in [20] and in the general case of a S^-measure in 4C], see also fffi . 

Proof of Theorem [id] . First, we note that, for each F G XCffifD, Tx) and each 7 G Tx, the 
function /(x):=F( 7 + e x ) — F( 7 ) belongs to V and V A ’/(x) = V A F( 7 + e x ). 

Let now F^\ F^ G FC^ifD, Tx) and let A G O c (X ) be such that there exits a compact A' C A 
satisfying fW( 7 ) = fW( 7 a<), i = 1,2, for all 7 G Tx- Then, by ( |2.10p 

[ (V r F«( 7 ),V r F( 2 )( 7 )) 7M (d 7 ) 

4r x 

= [ h{dl) [ m(dx)p{'y,x){X^F^ 1 \'y + £ x ),X^F ( ' 2 \'y + e x )) x 
Jv x JA 

M^t) [ m(dx) p( 7 , s) ( A a F ( 1) ( 7 + e s ) + (V A F (1) ( 7 + £*), /3 CT ( 7 , x)) x ) F (2) ( 7 + £ x ) 

J A 

= -f r ^ d 7) E (AfF l(1) ( 7 ) + {V A F’( 1 )( 7 ),^( 7 ,x)) ;r )F( 2 )( 7 ) 


'i* 


xG7a 


= / (H^X'y^fr). 


As easily seen, condition (3.2) guarantees the inclusion G L 2 (r;/r). 
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3.2 Bochner Laplacian on forms 

Let us consider the bilinear form defined by 



where W^ l \ E D(£^ n ) := V£t n . It follows from the definition of VQ n that, for each W E U£l n , 
there exists <p E V, <p > 0, such that 



and therefore, by ([O]), the function under the sign of integral in (3.6) is integrable with respect to 


p. 

The following lemma shows that the bilinear form (£® n ,T>£l n ) is well dehned on L 2 £l n . 
Lemma 3.4 We have £^ n (W^,W^) = 0 for all W^\W^ E V£l n such that WW = 0 [i-a.e. 
Proof. Let W E V£l n and W = 0 /r-a.e. For xq E X and R > 0, let 

B(xq, R):={x E X | d(xo,x) < R}, 
where d(-, •) denotes the Riemannian distance on X. Then, 



Since R was arbitrary, we therefore have 


l|W (7 + £ x)W/\ n (T 1 +ex v x ) = 0 ’ p<Snn-a.e. (7,®) E T x xX. 


For a fixed 7 E Tx, the function X\y 3 x 1 —> ||IF (7 + £i)||A r, (r 7+ea .r x ) is continuous, and therefore 
for p-a.e. 7 E Tx, IF(7 + e x ) = 0 on X \ 7. Hence, 



Tx JX 


p(d~/) [ m(dx) p('y,x)\\V*W('y + e x )\\ 



From here the lemma follows by the Schwarz inequality. ■ 


Theorem 3.5 Suppose that 



(3.8) 
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Then, for any W^\ W^ E VQ n , we have 

£* n (wW,wM)= [ (H l n W( 1 \ 1 )M 2) {T))An { T,r x )V{dll 

JT X 

where H^ n is the operator in the space L 2 ^fil n with domain VQ n given by 

H® n W(j) := ~A r W( 7 ) - (V r W( 7 ), ^(7)) 7 , W G Vtt n . (3.9) 

Here, 

A r VF( 7 ):=^A x Y W( 7 ), (3.10) 

where A x is the Bochner Laplacian of the bundle A n (T ly T x ) >->!/£ 0 ljX with the volume measure 

m. 


Proof. We first note that, for any W G VQ n , the form H® n W defined by (|ht|) , ( |3.1C| ) belongs to 
L^Q n . Indeed, as easily seen, A r W G TSl n , and hence A r W G Next, choose any A G O c (X) 

such that there exists a compact A' C A satisfying W( 7 ) = W( 7 a') for all 7 G f 7 . Then, 


/ ||(V r W( 7 ),i? M ( 7 )) 7 ||^ (T7rx) /r(d 7 ) 

Jr x 

= I ^(VfW( 7 ),^( 7 ,x)) a 
Jr x 


A"(T 7 r x ) 


M d 7) 


< 


E llE^WII T 2 ,X(g)A' i (T 7 r x )l-BM(7) a:; )U j h(d'y). 

Kx&'YA ) 


(3.11) 


As easily seen, there exists G Cq{X), > 0, such that 

l|vfhb( 7 )||T x x®A"(T 7 r x ) - for all 7 G T x , iG 7 . (3.12) 

Now, by using (2.8), (|3.8[) , ( |3.11| ), ( 3.12 ), and the Schwarz inequality, we conclude that 

[ ||(V r VT( 7 ), B fJ- ('y))^\\ 2 A n^ Tx ^ //(d 7 ) < oo. (3.13) 

Jr x 

Next, we will need the following lemma, whose proof follows directly from the construction of 
the forms from VFl n . 


Lemma 3.6 For each fixed W G T>Q n and 7 G Tx, the mapping 

A' \ 7 9 x i—> cu(x):=W( 7 + e x ) G A n (T 1+£x T x ) = A n {T 1 T x © T x X) 

(uniquely ) extends to a smooth form 

X 3 x i— > uj{x ) G A n (T 7 r x © T x Xfi 

and X x u> = 0 on A C :=A \ A, where Ac X is compact and such that Wfiy 1 ) = Wfiy'jfi) for all 

i e T x . 
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Let W^ l \ W E VYl n and let A E O c (X) be such that there exits a compact A' C A satisfying 
W"W( 7 ) = VLW( 7 a'), i = 1,2, for all 7 E Tx- Then, by virtue of (|2.10|) , (|3.13[) , and Lemma [b 6 ] we 
get, analogously to the proof of Theorem [O: 


eZn(WW,W<V)= [ /i(d 7 ) [ 7(^)(VfW (1) (7),VffT( 2 )(7)) TxX0A „ {T7 r x ) 

«/ Tx J A 

= [ M(<i7) [ m(dx)p(i,x) + e x ),V*W( 2 \i + £ x )) TxX<glA n( Tj+ex) 

J Fx «/ A 

= -/ Kdj) f m(dx)p('y,x)[(A^W ( ' 1 \'Y + £ x ),W (2 \'y + £ x )) A n^ +ex) 

JYx ^ A 

+ + e*),^(7,a:))*, VL (2) ( 7 + £ x))A™(T 7 +ea: r Y )] 

= - [ /x(d 7 ) [ 7(^)[(AfwW(7),fT( 2 )( 7 )) A n (T7 r x ) 

«/ r_x" «/ a 

+ ((V^fT( 1) (7),^( 7 ,x)} a; ,fT (2) (7))A»(T 7 r x )] 

= [ P(d^. m 

JTx 


Corollary 3.7 (£^ ,T>Yl n ) is closable on L^Yl n . Its closure (£® , D(£® n )) is associated with a 

positive definite, self-adjoint operator, the Friedrichs extension of H® n , which we also denote by 

III! 

/L,n* 

We define (£^ n , D(£^ n )) as the image of the bilinear form (£® n , D{£^ n )) under the unitary I”. 
Proposition 3.8 Let W (1 >,W( 2 ) E /"(PIT 1 ). Then, 


< 7 ^n(W (1) >W (2) ) = ^ f _ p (k \d'y,dx 1 ,...,dx k ) x 


+ 


x [(V^W^(7, xi,..., Xfc), (7, xi, ..., a?fc)) T ^ r ^^ T („) 

sk 


kV 


< v 5i,...,x fc ) w(1) (7^i ,...,x fe ), v ^_ Xfc) W (2) (7,x 1 ,...,x fe )> („> J. (3.14) 


h/ere, /or a /ixed (27, ..., x k ) E A' fc , denotes the gradient of a mapping from Y into Tj”/ ^ , 
defined for p-a.e. 7 E Tx similar to the gradient of a function on T. 

Proof Let W^\ W™ E VQ n and let W^:=I n W (l \ i = 1,2. Then, by Lemma (O], 

^ n (ww,w( 2 ))=^ n (ww,w( 2 )) 

p(d'y) E(Vf»' ( 1 > W.V?^ ( 2 | (7)) T x X®A«(T 7 r x ) 




/, 


3:67 


^( d 7 ) [ :'y® k '-(dx l ,...,dx k )^2(V x wjd\'y,x 1 ,...,x k ), 

k =l Fx Xk XG 7 
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V£w fc ( 2 ) ( 7 ,zi,...,z fc )> 


T x X® T 


(n) 


X k 


/ p < ' k \d'y,dxi,...,dx k ) ^ (V* W ( 1 ) ( 7 , aq,..., x k ). 


k =1 


/rxA' fc 


a;G7U{xi,...,a; fe } 

^ ^ (7> 3 11 • • • i x k )) T ’ X k ’ 


which is equal to the right hand side of (3.14). ■ 

We will now apply Proposition |3.8| to prove the vanishing of square-integrable Bochner harmonic 
forms. 


(3.15) 


Theorem 3.9 Let the conditions of Theorem 3.5 be satisfied , let 

< 7 ^( 7 , X k ) = 00 for /i- a.e. 7 E Taa fc E N, 

and let one of the two following conditions hold: 

(i) for n-a.e. 7 E Ta, p(7, ■) is continuous and positive on X ; 

(ii) d > 2 and /or p-a.e. 7 E Taa p( 7 , •) is continuous and positive on X \ 7 . 

Then , /or eac/i n E N, KerH^ n = {0}. 

Proof. We will prove the theorem in the case of (ii), the case (i) being completely similar and 
simpler. 

First, we note that we can suppose that, for all 7 E Ta, p( 7 , •) is continuous and positive on 
X \ 7 . It suffices to show that £^ n {W) = 0, W E D(£® n ) =7- W = 0, or equivalently, £^ n (W) = 0, 
W E D(£jl n ) =>■ W = 0. Here and below, for a bilinear form T we set E(W):=E(W, W) for 
W E D{E). 

Let us consider the following bilinear form on the Hilbert space (|2. 1 7|) : 


U n {W^\W^):=^U Kn {W^\W^), 

k =1 

£ 4 ,n(W (1) ,W< 2 )):= [ ^ k \d'y,dx l ,...,dx k )x 
Jr x xX k 

X ( 7 , XI ,..., z*), W ( 2 ) ( 7 , XI,..., Z fc )) A‘<) 




A fc ’ 


w (1) ,w (2) e r\vn n ) 


From the existence of the generator of U n defined on I n (T>£l n ), it follows that U n is closable and let 
(U n , D{fA n )) denote its closure. By Proposition [b^, D(£^ n ) C D{U n ) and £jl n (W) > U n (W) for all 
W E D(£® n ). Furthermore, it follows from the definition of U n that D(U n ) = ®^ =1 DfU k , n ) and 
U n = Ylk=i^k,n, where for each k = 1,n (U k , n , D{ld k ,n)) is a closed form on L^(Fa x X k —> 
A n (TX k ); p^)=:H kn . Hence, it suffices to show that U k n (W) = 0, W E D(fA k r f) =7 W = 0. 
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For W E I n (V£l n ) n H kin =:£i kiU , we define 

S(W)( 7 ,xi,.. • ,Zfc):=||V^ ... >Sfc) W( 7 ,si,... ,x k )f 

(here and below we omit the notation of the space in the norm if this space is clear from the 
context). Let C £l k ,n and let -> W as n -> oo in the norm 

II ' ll£>(«fc,n) := (H • 111 I k>n +Uk,n(')) 1/2 - 

Using the inequality 

(5(W W ) 1/2 - S(W W ) 1/2 ) 2 < 5(W (n) - W (m) ), 

we conclude that {5(VV^)} is a Cauchy sequence in the norm of LfiJ'x x X k \pP^). Let S(W) 
denote its limit. Then, using the definition of p^ k \ we have 

Z4, n (W) = / p,(dj) / m(dx 1 )---m(dx k )p^('y,xi,...,Xk)S(W)('y,x 1 ,...,x k ), (3.16) 

Jr x Jx k 


where 


P^ilyXi, • • • ,x k ):=p('y,xi)p('j + e Xl ,x 2 ) ■ ■ ■ p(7 + £ Xl 4-b Sx^, x k ). 


Suppose now that U kn (W) = 0. Then, by (ii), it follows from ( 3.If ) that, for p- a.e. 7 E T.y, 

5(W)( 7 , •) = 0 m 0 fe -a.e. on (3.17) 


Let us fix 7 E Tx such that ( |3.17| ) holds and let O be an open ball in X k such that 

OcX k „:=X k n(X\ 7 ) k . (3.18) 

Since p^ k \ 7 , •) is positive and continuous on O, 

0 < ci < p^ k \ 7 , •) < C 2 < 00 on O. 

and so L p -convergence on O with respect to the measure < 7 (^( 7 , dxi,... ,dxk) is equivalent to the 
same convergence with respect to the measure m® k . 

Let W^iO) denote the Sobolev space consisting of all functions / E L 2 ( 0 ;m® fc ) which are 
weakly differentiable and whose weak gradient X xk f E L 2 (0 —» TO]m® k ). 

Lemma 3.10 We have ||W( 7 , -)|| E W\{p) and V X ||W( 7 ,-)|| = 0 m® k -a.e. on O. 

Proof. Let us consider the classical pre-Dirichlet form on L 2 (0;m® k ): 

£(/ (1) , / (2) ) = J o (X xk fV( Xl ,... ,x k ),V xh f (2) (x 1 ,... x k )) T(x ^ xk)X k m[dx i) • • • m(dx k ), 

where f ^ E D(£):=C 1 (0). As well known, this pre-Dirichlet form is closable and let (£, D(£)) 

denote its closure. Then, D(£) = W\ (O) and 

£(/ (1) ,/ (2) ) = / S(f {1 \f < ' 2) )(xi,...,x k )m(dx 1 )---m(dx k ), / (1) , / (2) E D(£), 

Jo 
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where 


S(/ {1) ,/ (2) )0 i,---,x k ) = (V xk / (1) (®i, ... ,x k ),V xk / (2) (xi, ... ,x k )) T . x k t 

the gradient V x>c being understood in the weak sense. 

Hence, taking notice of ( [3.171 ) > to prove this lemma, it suffices to show that the following claim 
is true: Let uj : O —> A n (TO) be a limit of a sequence {w n } of smooth n-forms on O with respect 
to the norm (|| • || 2 2(c ,^ A „ (TO);m ®fc ) + 0(0) > where 

G(u):= / \\'V xk u(xi,...,x k )\\ 2 m(dxi)---m(dx k ) 

Jo 

for a smooth form u. Then, ||u;|| G D{£) and 

«S(||u;||) < S(u>) m® k - a.e. on O. (3.19) 

Here, <S'(a;)(xi,... ,x k ) is constructed analogously to the S(W)( r ),x\,... ,Xk) above. 

The proof of this claim is essentially the same as the proof of the fact that, for each / 6 D(£), 

|/| G D{£) and <S(|/|) < S(f) m® k - a.e., which is why we limit ourselves to only outline it. So, first 
one shows by approximation that, for each fixed e > 0, (uj, to) + e G D(£), and moreover, for any 
fixed e, £ > 0, 


S(\/ (u>,l v) + e - y/ (u,u) + e')(xi, ...,x k ) 
< S(oj)(x i,.. .,x k ) 


v(x 1 , • • • 

,x k ) 

u(xi,.. 

,Xk) 

\/(u,u) 

+ e 

\/(u,u) 

+ £ 


m 


0/c 


a.e. (xi,..., x k ) G O. (3.20) 


Second, one sets e n j 0 and shows using ( [3.20p that { y/ (lu, uj) + e n } is a Cauchy sequence with 
respect to the norm (|| • \\ 2 L 2 ^Q. m ^k) +£(•)) • The estimate ( 3.19| ) then trivially follows. Thus, the 

lemma is proved. ■ 

By Lemma 3.10, it follows that ||W(7,-)|| = const m® k - a.e. on O. Since d > 2, the set X ktl 


defined in ( |3. 18 ) is open and connected, and therefore it can be covered by a countable number of 
open balls {O n } satisfying O n C X k>T Therefore, ||W( 7 ,-)|| = const m® k - a.e. on X krp and hence 
m® k - a.e. on X k . Finally, by ( |3.15 ), ||W|| = 0 a.e. on Tx x X k . Thus, the theorem is 

proved. ■ 


3.3 deRham Laplacian on forms 

Let ££l n denote the subset of J-£l n consisting of all forms W G J-£l n such that all derivatives of W 
are polynomially bounded, that is, for each k G N there exist ip G V, tp > 0, and l G N (depending 
on W) such that 

||(V r )( fc )fF( 7 )||^ 7rx) ®^ ATl(T7rx) < (ip, l) 1 for all 7 G T x , (3.21) 

and additionally, for each fixed 7 G Fx and r G N, the mapping 

(X\ 1 ) r nx r 3(x 1 ,..., x r ) »W( 7 + £*! + ••• + G A n (T 7 T x © T Xl X © ■ ■ ■ 0 T Xr X) 
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extends to a smooth form 


X' 3 (xi,..., x r ) i—* ui{x i,..., x r ) £ A n (T 7 r Y © T X1 X © ■ ■ ■ © T Xr X ). 

(Notice that the locality of a form, together with the above condition of extension, will automatically 
imply the infinitely differentiability of the form.) 

As easily seen, V£l n is a subset of ££l n , and so we get the following chain of inclusions 

vn n c esr c xn n . 


We define linear operators 

d n : £Q n ^££l n+1 , 


by 


where 


n£Z + , £n° :=XC^(V,T x ), 
(d n W)[ri) := (n + 1) 1 / 2 AS n+ i(V r W( 7 )), 
AS n+1 : (T 7 rx)® (n+1) - A n+ 1 (T 7 r Y ) 


(3.22) 


(3.23) 


(3.24) 


is the antisymmetrization operator. (We notice that the polynomial boundedness of the form d n W 
and its derivatives follows from the corresponding boundedness of V r W and the fact that the norm 
of the operator ( 3.24 ) for each 7 G is equal to one). 

Let us now consider d„ as an operator acting from the space L^Q n into L 2 f2” +1 . (We remark 
that, by the proof of Lemma L4, d n W = 0 /i-a.e. for W £ ££l n such that W = 0 /x-a.e.) We denote 
by d* the adjoint operator of d n . 


Proposition 3.11 Let ( |3.8| ) hold. Then , d* is a densely defined operator from L^yi n+1 into L‘j l £l r 
with domain containing ££l n+l . 


Proof. It follows from 


where 


and the definition of V r that, for any W £ £fl n and 7 £ Lx, 

(d„W)( 7 ) = ^(d x , n W)( 7 ), (3.25) 

x£"/ 


(d x, n W){n) := (n + 1) 1/2 AS n+1 (V*W( 7 )). (3.26) 

Let 7 G Tx and x G 7 be fixed. Let C°°(0 ljX —> A n (T 7 Tx)) denote the space of all smooth 
sections of the Hilbert bundle (^). We define an operator 

<„ : c°°(o ltX - A n (T 7 r x )) c°°(o^ x - A n+1 (r 7 r x )) 

whose action, in local coordinates on the manifold X, is given by 

d* fi(y) hi A • • • A h n = (n + 1) 1/2 X x fi{y) A hi A • • • A h n , (3.27) 
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(f> E C°°(0 1>x —> M), hk E T Xk X. Xk E 7 , k = 1,..., n. It follows from (3.2£) and (3.27) that 


(d x,«W)(7) = 4 n H4(7^)- 


(3.28) 


Next, let Q.((D ltX —► A n (T 7 Tx)) denote the space of all sections of the Hilbert bundle (| 2 . 6 |) . We 
dehne an operator 


C = -+ A n+i (T 7 r x )) - n(o^ x -+ A n (r 7 r x )) 


, n+l 


setting 


n+l 

&x,n<t>(y)h 1 A • ■ • A /i n+1 := - (n + 1 ) _1/2 [(V x </>(y), /ij) x 

j=i 



+ (j){y){B^{ 7 , y), hi) x \ hi A • • • A hi A • ■ 

•A/in+i, (3.29) 

where (j) £ C' OO ( 0 7)X —► M), 

hi E T X; X, Xi E 7 , * = 1,..., n + 1, 


J 1 , X = Xi, 

1 ^ 0 , otherwise, 

and hi denotes the absence of hi. We now set for W E £VL n+1 



W(7):=^*(7,») 

(3.30) 

and 

(5nlU)( 7 ):=E(^^)(7) 

(3.31) 


0:67 


(notice that the sum on the right hand side of (3.31) is actually finite). 

Let us show that, for any W E £fl n+1 , we have 8 n W E L 2 12 n , where L 2 n°:=L 2 (Tx; £t). We 
choose any A E (9 C (X) such that IT( 7 ) = W( 7 a') for some compact A' C A. Then, by ( |3.31| ), 


ITx 


||((5 n iy)(7)|| 2 „( T ^ r . Y ) h(d'y) 


(3.32) 


< 


'Tx 


ITx 


E (^x,n^)(7) 


XG'YA 


y(d-f) 


A n (T 7 r x ) 


E IK^n^)(7)l|A»(T 7 rx) y(d'-j). 


\x£"/A 


Using ( |3.21| ) , ( |3.29| ) , and ( |3.30| ) , it is not hard to show that there exist ip E C'o(X), ip > 0, and 
k E N (independent of 7 and x) such that 

||(^,nW)(7)|| A «(T 7 r x) < (^7) fc + (n + l) 1/2 | J B /i (7,x)| x ||W(7)|| A n+i(T 7 r x) - (3-33) 
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Analogously to the proof of (3.13), we get from (2.7), (2.8) Q3.S|), (3.32), and (3.33) that S n W E 


L\Sl n . 


Let W^,W^ E ££l n and let A E O c (X) be such that, for some compact A' C A 7 ) = 
W(*)(7A')> * = 1,2, for all 7 E Tx- Then, by ( [2. 10 ), ( 3.25 ), ( 3.27 ), and (|3.28 ), we get using the 
notations of Section 0 


Tx 


[ <d n wW( 7 ), 7 )) A »+ 1 (r 7 r x ) M<*r) 

Jfx 

= L 7(^)(( d x.nfL (1 ))( 7 ),lL( 2) (7))A^ 1( T 7 r x ) 

^(^7) [ o-(7, dx) ((d X)n lT (1) )(7 + e^), 1 T (2) (7 + £ s))A”+ 1 (T 7+Ea ,r x ) 

x 1 a 

« n 

Kdj) / cr(l,dx) E E ((d^W^fr + e* ,xi,• • •, 27), 

fc=l r 


(3.34) 


{il,...,Xfc}C7U{a:} 
xS{xi,...,x fc } 


Wf } ( 7 + e®, xi,...,^))A"+i(T 7+£3 , rx) 


J rt*r)£ E / 


<7(7, dx) ((d X!n lT (1) ) fc (7 + e x , X, #1, • • • , l) 5 


1T A (2) (7 + £*, X, XI, .. • , Xfc_l)) A n+l ( T 7+Sa;rx) - 


It follows from the definition of ££l n that, for a fixed 7 E Tx and {xi,..., Xfc_i} C 7, W k (7, •, xi,... 
extends to a smooth form 

AAih W^(7,x,xi, ... ,x fc _i) E 

E 0 ( T x X ) A 7 A (T^X)^ 2 A • • • A (T^X)^ C (T x X © T X1 X 0 T^X)^. 

l<h,..Jk<d 

h~\ - \~lk =n 

Since + e,) also extends to a smooth form on X, we can carry out an integration by parts 

in the x variable in (|3.34|) . Thus, by using ( |3.29|) (|3.3lD and (|2.10D , we continue ( |3.34| ) as follows: 


f *m£ E / 

r x fe=l {®i,—>®fc_i}C7 


<T ( 7 , dx)(W^ (7 + £ x ), 




S x,n W k 2) (7 + £ x, X, Xi, . . . , X k -l)) A n(T^ +ex r x ) 

Kdl) [ <7(7, dx) (ir (1) (7 + e a; ),^ n wi 2) (7 + e x, x))A n (T 7 +£a .rx) 
J A 

/u(d 7 ) f ( 7 ( 7 , dx) (!T (1) (7 + e a; ),(<J a;in lT (2) )(7 + £ x))A"(T 7 +ex r x ) 


, %k— l) 
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= [ Kd'y) [ 'y{dx){W (1) {-f),(S Xtn W^)('y)) A n (Tirx) 

Jr x J a 

= [ (W^hUSnW^)h)) AH T,r x ) H(d7). 


Hence, J r Q n+1 C D(d* >n ) and d* ( £ ^" +1 = <W- ■ 


Corollary 3.12 The operator d n : L 2 Q n —> L^n n+1 is closable. 

We denote by d„ the closure of d n . The space Z n := Kerd n is then a closed subspace of 
LlQ n . Let B n denote the closure in L^Q n of the subspace Imd„_i (of course, B n =the closure of 

We obviously have d n d n _i = 0, which implies 

Irn d n _ i C Ker d n C Z n . 


Hence B n C Z n and 


d n d n i — 0. 


(3.35) 


Thus, we have the infinite complex 

T' I gQn £.j^n+l < C+l 

and the associated Hilbert complex 

^ 11 - 1 j^2 Qn d n j 2 yy, ■ 1 d n +i 

We set in a standard way 

TCy = Z n /B n , n G N. 

For n G N, we define a bilinear form £jf n on Ly£l n by 


(3.36) 


£ln(w^\wW)-.= [ [(d n w^\ 1 ),d n wW('r)) An+ i {Tyrx) 

JT X 

+ (d;_ 1 W( 1 )( 7 ),d;_ 1 w( 2 )( 7 )) A ™-i(T 7 r x )] M(d 7 ), (3.37) 

where W^\W^ G D(£^ n ):=D( d n ) n D(d*_ 1 ). This form is evidently closed, and let 
(H^ n , Z?(H^ n )) denote its generator. This operator will be called the Hodge-deRham Laplacian of 
the measure ft. 

The following proposition reflects a quite standard fact in the theory of L 2 -cohomologies. 


Proposition 3.13 The natural isomorphism between hi™ and the orthogonal complement of B n to 
Z n is the isomorphism of the Hilbert spaces 

K~ KerH£ n . (3.38) 
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Proof. Using [12, Proposition A.l], we conclude from Proposition |3.11 and formula (3.35) that 


T 2 Ll n = Ker H R n © Im d n _i ® Im d* (3.39) 

(the weak Hodge-deRham decomposition). For the closed operator d rt we have the standard 
decomposition 


T 2 II n = Ker d n ® Im d*, 

which together with (|3.39|) implies the result. ■ 

We do not know a priori whether the domain Z?(Hj) n ) contains VQ n , however the following 
theorem gives a sufficient condition for this. 


Theorem 3.14 Let us suppose that 

(i) for pL-a.e. 7 £ Tx, p{ 7 ,®) > 0 for all x £ X \ 7 and the function p( 7 , •) is continuous on X ; 

(ii) for p-a.e. 7 £ Tx, p{ 7 ,-) t wo times differentiable on X \ 7 and V x p{ 7 ,-) extends to a 

continuous form on X ; 

(iii) for p, ® m-a.e. ( 7 , x ) £ Tx xl, j/h V^p( 7 + £ y , x) £ T X A' is differentiable on X \ (7 U {x}) 

and 

A \ (7 U {x}) 3 i/h ~j~ 8x1 V X p{ 7 + £j/, x) £ T x X 


p (7 + e y ,x) 


extends to a continuous mapping on A; 
(iv) (|3.8D holds , and furthermore 


VA 


/ \ 2 ~*~ e 

£ O c (X) > 0 : f ( X! S \\Vy B^,x)\\ Ty x®T x x ) m(^7) < ( 3 - 40 ) 

Tx \jzg 7 IS7A / 


Then, T>I2 n Ch(H 


£n) and 


H r 


(.L,n 


vn n = d n _ 1 d ;_ 1 + d;d„ 


Proof. Since by Proposition 3.11 d n 'ZX2 n C £Ll n+l C D( dj(), to prove the theorem we have to show 
that d*_ 1 T>fl n C H(d n _i), that is, for arbitrary £ VLl n , there exits V £ T 2 II n such 

that 

[ (d:_ 1 W^( 1 ),d* n _ 1 W^( 1 )) An{T ^ rx) p(d 7 )= f (V ( 7 ), IU ( 2 ) (7))A n (T 7 r x ) P(d/y). (3.41) 

Jr x dr x 

We choose any A £ O c (X) such that, for some compact A' C A, 7 ) = IU^(7A , )) * = 1,2, 

(3.42) 


for all 7 £ Px- It follows from the proof of Proposition 3.11 and Lemma |2.l| that 

" «_ 1 w( 1 )(7),d;_ 1 w( 2 )(7)) A »-i(T 7 r x )T(d7) 


'Tx 
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>T X 


1 / 5 Z 

Fx x^G'ya 

fj,(d-f) f a(n',dx)(6 x , n W( 1 \j + £ x ),6 X!n W ( - 2 \'y + £ x )) A n-i {T ^ +exrx ) 
J A 

+ / ^{d'y) / &{l,dx) / 0-(7 + £ z ,dy) (<J x , n VF (1) (7 + ^ + £ y ), 

Jr x ja ja 

<5j/,n^ (2) (7 + £x + £ y))A n - l (T^ +ex+ey r x )- 

Due to conditions (i)-(iii), we can see that, for /x-a.e. 7 £ Fy and x £ X \ 7 , 

dx,n^,nW (1) ( 7 + £*) £ A n (T 7+£ J 
and for /r <g> m- a.e. ( 7 , x) £ Dy x X and y £ X \ (7 U {a:}), 

d^n^nfF^ (7 + £ x + £y) £ A n (T 7 +£;c+£y r x ), 


using formulas ( 3.27 ), ( |3.28| ), for the definition of d x . ra , x £ A". Moreover, by virtue of (i) and (ii), 
the integration by parts yields, for /x-a.e. 7 £ Fx 


<7 


(7,dx) ($ x , n W (1) (7 + e a; ),5 x , n fF (2) (7 + £aO} A «-i(T 7+ea .r x ) 

j j\ 

= [ a{'y,dx)(d Xin 6 X!n W( 1) ('y + £ x ),W {2 \'y + £ x ))^(T- y+Sx r x ), (3.43) 

J A 

and analogously, using (i) and (iii), we get, for fi®m- a.e. (y,x) £ Fx x X, 

^cr(7 + £ x ,dy) (8 x , n W^{pi + £ x + £ 2/ ),5j /! nVF^ 2 ^ ) (7 + £ x + £ y )) /\™-i (T 1+ex+Sy r x ) 

= / ^(7 + £x,dy) (d y ,A,# (1) (7 + £ I + £ 2/ ),fD (2) (7 + £ a: + £ y )) A n ( r 7+e . +£j rd' ( 3 -44) 
Suppose that 


(3.45) 


so that 


/ ( X) !l d y,^,nl^ ( 1 ) (7)||An(T 7 r x ) d'(d'y) < 00 , 

Fx \x,y£"f J 


V(j):= Y, d y , n 5 x , n VF (1 )( 7 ) £ A n (T 7 r A -) 

x,y&i 

is well-defined for y-a.a. 7 £ Tx, and moreover V £ F 2 D n . Then, by Lemma 2T and ( 3.43 )-( 3.45 ), 
we continue ( |3.42| ) as follows: 

= [ M^7) [ vh,dx)(d Xtn 6 x , n W {1 \p + £ x ),W {2 \'y + £ x ))^^ +ex r x ) (3.46) 

J r x j a. 
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+ 


>T X 


H(d'y) / afiy,dx) / £ 7(7 + s x , dy) {dy^Sx^W^fiy 
J A iA 


H“ H ~ £y)'> 


where 


^(7 + e x + e y )) A ^ +ex+ey r x )= / (^A(7),^ ( 2 ) (7))A"(T 7 r A .)/i(d7), 


Va(7):= E n W"W( 7 ). 

X^&'TA 


(3.47) 


Since V\(-y) —> ^( 7 ) as A —► 77 for n-a.e. 7 € Lx- by the majorized convergence theorem, we 
conclude from ( |3.42| ), ( |3.46D , and ( |3.47|) that 

/ (d;_ 1 ^ 1 )(7),d;_ 1 VF( 2 )(7)) A ™- 1( T 7 r A )^(d7)= [ <^(7), ^ (2) (7)>A™(T 7 r A ) /x(d 7 )- 
7r A 7r A 

Thus, it remains to show that (|3.45|) does indeed hold. Let A £ O c (X) be such that, for some 
compact A' C A, = W^ta/) for all 7 £ Tx (A being now independent of W^). Since 

S x ,nW^\ 7 ) = 0 for all x £ 7 ^ c , we get 


>r x 


E H,n4,n^ (1 %)|| A « ( T 7 r x ) ) /x(d 7 ) 


V^a;,3/G7 


< 2 


X] ll d J/,n^,nfL (1) (7)|| A . ( T 7 r x ) ) Md7) 

x \x,y£~fx 


+ 2 


/(EE ll d ^,n^ (1) (7)ll 

r A' iG 7a 


A n (T 7 r x ) M d 7)- (3.48) 


Analogously to (ft.33 ), we conclude from ( 3.27 ) ( 3.30 ) the existence of 93 £ Co(X), ip > 0, and 
k £ N (independent of 7 , x, and y) such that 

|| d y ,n<Jx,nfL ( 1 ) ( 7 )|| A r i(T 7 r A) < (ip, 7 ) fc (i + 1 ^( 7 ,x)U + ||Vj : S /i (7,x)||r 1( x®r ls A-) (3.49) 

for x,y £ 7 ^, and 

H d y,n4,nfL ( 1 ) (7)|| A r l(T 7 r Y) < (p \\^y B ^ x)\\ Ty X®T x X, (3.50) 

for y £ 7 ^ c and x £ 7 ^. 

Thus, the finiteness of the right hand side of ( 3.48 ) can easily be deduced from ( |2.8| ), (fhS|), 
( 3.40|) , ( ^.49p , ( 3.50 ), and the Schwarz inequality. ■ 


Corollary 3.15 Let the conditions of Theorem 3.14 be satisfied. Then , for each W £ T>Ll n and 
p-a.e. 7 £ Tx 


^ ' (||^a;,n d y,?ihL(7) || A n (T 7 r A ) T II d j/,n^a:,nf / L(7) III A n (T 7 r A )) < OO, 
x, ye'y 


(3.51) 
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fi-a.e. 7 E r A . 


and the action of the operator can he represented in the form 


Hf,„W(7)= E {Kndy,n+d y , n 6 x , n )W( 7 ), 

x,y£ 7 

3.4 Weitzenbock formula 

In this section, we will derive a Weitzenbock type formula, which gives a relation between the 
Bochner Laplacian H® and the deRharn Laplacian H^. In what follows, we will suppose that 


the conditions of Theorem 3.14 are satisfied. 

For each 1/(7) E T 7 r A , 7 E r A , we define an annihilation operator 


and a creation operator 
as follows: 


o„(F( 7 )) : A n (T 7 r x ) - A” _i (T 7 r x ) 

a* n (y{ 1 ))-.^- 1 {T 1 Yx)^^(T 1 T x ) 


«n(R( 7 ))^n( 7 ): = ^(k( 7 ),Vkn( 7 )) 7! ^(7) E A n (T 7 r x ), 

<(^(7))fk n _i(7):=^R(7) A W n _i( 7 ), ^-1(7) <E A"" 1 ^*) 

(the pairing in the expression (V( 7), W n { 7)) 7 is carried out in the first “variable,” so that a* (V(7)) 
becomes the adjoint of a n (V( 7))). 

Now, for a fixed 7 E F A , we define an operator R n ( 7) in A n (T 7 r A ) as follows: 

R n ( 7 ):= E ^(7. *)> 7)):= A^ (T 7 r A -), 

xe 7 

d. 

f? n (7,x):= ^ ' Ri j^^{x)a n {e.i)a n (ej^ja n {e}f)a n {ei). 

i,j,k,l= 1 


Here, {ej}j =1 is a fixed orthonormal basis in the space considered as a subspace of T 7 r A , 
Aft(T 7 r A ) consists of all W n (7) E A n (T 7 r A ) having only a finite number of nonzero coordinates in 
the direct sum expansion ( | 2 . 16 D , and R tJ ki is the curvature tensor on X. 

Next, let A{ 7) E (F^ooRy)® 2 , so that HR) = (A(j,x,y)) Xtye ^, where A(j,x,y) E T y X <g> T x X. 
We realize HR) as a linear operator acting from IRoRv into T 7j0o r A by setting 


Tj, 0 Tx 7 k(7) = (V (7) X ))xej 


H(7)R(7):= 22(A(-f,x,y),V(-f,x)) 3 


e T 7 iOC r A 


ye 7 


If we additionally suppose that, for any A E O c (X), 



\\A('y> x >y)\\TyX&r x x 


2 


< 00, 
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then, as easily seen, ^( 7 ) is indeed an operator acting from T^^Tx into T^Tx- In the latter case, 
we define a linear operator X( 7 ) An in A ra (T 7 Tx) with domain D(A(j) An ):= Aq (T 7 Tjy) as follows: 


A(7) An :=A(7) (8) 1 • • ■ <g) 1 + 1 <g) ^(7) <g) 1 


1 + --- + 1 


1® A( 7 ). 


We set 


s ^(7) = (B' fl ( r y,x,y)) x ,ye J G (T 7iOO Tx) 02 , ^(7> x >y):=Vy B^,x). 
It follows from (|3.40|) that, for //-a.e. 7 G T.y, 


EE ll^(7>® ; y)l|T !/ X®T !r X J 

3/G7 \iG7a / 

sEE ll^(7>3hy)l|T B x®T !C x j < oo- 

\i/G7 *G7a / 

Therefore, the operator B' ('y) An : Aq(T 7 Tx) —»• A n (T 7 Tx) is well-defined for //-a.e. 7 G T Y - 


Theorem 3.17 Let the conditions of Theorem 3.14 be satisfied. Then , rce have on 'DLl n : 

KnW(T) = H ^ + RnhWh) ~ S; t ( 7 ) A -IT( 7 ), M-a.e. 7 G T x . 

Proof. We fix any G By Corollary 3.15 , we have 

H^ n IT (1) ( 7 ) = E(w- + u. n)W {l) in) (3.52) 

1 G 7 

+ E <Wr. + d s A^)^ (1) (7)- 

x,y£.^,x+y 


By ( |2.10 ) and (3.51), we get for any W^ G "ZXT 


n )W ( 1 ) ( 7 ),W ( 2 ) ( 7 ) 


h(d'y) 


Lx XxG'y 


A«(T 7 r x ) 


(3.53) 


Jv x ^\ < A"(T 7 r x ) 

= / fi(d'y) / < 7 ( 7 , da;) {(fifx,x,n^-x,n T d ;CiJ i<5^ ja ; jri )W^ ^(7 + e^), ^(7 + £i))A"(r 7+£j rx)' 

J Fx «/ -X" 

By a slight modification of the proof of the Weitzenbock formula on the manifold X (see e.g. [pT|]), 
we get for a fixed 7 G T y 


/ _ <t( 7 i <*c) ((^,i,n d i,n + dx.n^.n)!^^) (7 + £ x ), W (2) (7 + £ x )) /\ n (T y+ex r x ) (3-54) 
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= [ v('l,dx)(- AfW (1) ( 7 + £*) - ('V x W^'>('y + e x ),p er ('y,x)) x 
Jx 

+ i ? n (7 + e a; ,x)VF (1) (7 + e x ) - (V x ^( 7 , x)) An W (1) (7 + e*), IH (2) (7 + 

We note that the function under the sign of integral on the right hand side of equality ( |3.54| ), 
considered as a function of 7 and x, is integrable with respect to the measure yS^{dq,dx). Indeed, 
the integrability of the function 

Fi( 7 , *):=< - A*W «( 7 + e x ) - <V*W (1) (7 + e x ), &(7, x)>*, W {2) (7 + ^)> An r 7 +e ,r Y ) 
follows from the proof of Theorem |3.5| , the integrability of the function 

F 2 ( 7 , x):= - <(Vf^( 7 , x)) A "W^(7 + £,), W (2) (7 + £,)) A „ (T7+e;crx) 

follows from the proof of Theorem |3.14| , and the integrability of the function 

* 3 ( 7 , x):={Rn (7 + e x , x)W (1) (7 + e x ), W {2) (7 + e^) A »(T 7 +£iC r A ) 
follows from the estimate 


1^3(7,*)! <ra 2 d 4 i2 A ||W (1) ( 7 + £ x)\\^(T 1+ex T x ) ||iy {2) (7 + £ a:)|| A «(T 7+£!c r x ) 5 


where 


Ra-= max sup|i 2 ijfc{(a:)|, 

i,j,k,l=l,...,d xeA 


A G O c (X) being such that, for some compact A' C A, )( 7 ) = W^( 7 A') for all 7 G Tx- 

Hence, by (|2.10| ), (|3.53|) , (|3.54j) , and Theorem [h| 

L (E n )W ( 1 ) ( 7 ),W ( 2 ) ( 7 )\ /i(d 7 ) (3.55) 

rx \ xer Y / A"(T 7 r x ) 

= [ (H^wW(7)+^i?n(7^)^ 1) (7) 

- ^(VfH M ( 7 ,x)) A ”wW( 7 ),VH( 2 )( 7 )\ A*(d 7 )- 

xe 7 / A «(T 7 r x ) 

Next, using formulas ( |3.27[ ) ( |3.30| ) , we have 

(^.i.nd^n + dj /)n ^ i 3 ;in )iy ( 1 ) ( 7 ) = -(V^ L H At ( 7 ,x)) An IT ( 1 ) ( 7 ), 7 G T x , x,y G 7 , 1 ^ 1 /. 

(3.56) 


Thus, by ( 3.52| ), ( |3.55| ), and ( p.56| ), we get, for /r-a.e. 7 G Tx, 


H^ n W( 1 )( 7 ) = n^W^^x) + R n ( 7 )W^\ 7 ) - £(V* 5„( 7 ,x)) A, W ( 1 ) (7) 

xC'j 

- J2 (Vf^( 7 ,x)) A "W( 1 )( 7 ) 

x,y€l,x^y 

= H^W«( 7 ) + i?n(7)W A{1) (7) - (^(7)) An ^ (1) (7). ■ 


27 



















4 Examples 

In this section, we will discuss some measures on the configuration space Tx to which the above 
results are applicable. 


4.1 (Mixed) Poisson measures 

Let 7 t z , z > 0, denote the Poisson measure on (T^SRa)) with intensity measure zm. This 
measure can be characterized by its Laplace transform 


e x p[(/,7}] 7T z(d'y) = exp ~ x ) zm(dx)^J , / 


G V. 


We refer to e.g. j|, 54] for a detailed discussion of the construction of the Poisson measure on the 
configuration space. The measure tt z satisfies ( 2.1C| ) with < 7 ( 7 , dx) = zm(dx), which is the so-called 
Mecke identity Q. 

Every measure 7r 2 is concentrated on the subset E z G S(Pa') consisting of those 7 G Tx for 
which 


| 7 A„ 


lim ,. 

n—>oo rn{A r 


= z. 


where (A n )^_ 1 is an extending sequence of sets from O c (X) such that A n —> X as n —> 00 , see 

© Hi- 

Let 8 be a probability measure on (0, 00 ). A mixed Poisson measure ng is defined by 

ro o 

7T0(-) : = / 0(dz)lT z (-). 

J 0 

Then, evidently 7 tq satisfies (2.10) with 


Let us suppose that 


p( 7, x) = zm(dx) for 7 G E- 


z n 9{dz) < 00 for all n G N. 


Then, condition (2.8) is fulfilled, and furthermore all the theorems of Section || are applicable to 
the measure ttq. 

Let us remark the following interesting fact. The Dirichlet form on functions, (£^ g , H(f’ 7re )), is 
irreducible if and only if ttq is a pure Poisson measure 7 r z , see |l(], Theorem 6.3]. On the other hand, 
by Theorem |3.9| , the Bochner bilnear forms n , D{£^ n )), n G N, are irreducible for all measures 
7 tq. In other words, for ttq 7 ^ 7 r 2 there exist square-integrable non-constant harmonic functions, but 
no square-integrable Bochner harmonic forms. 


4.2 Ruelle measures 

In this subsection, we will discuss a class of Gibbs measures on the configuration space over M d . So, 
let X:=R d , d G N, and let r:=r R d. The volume measure m on is now the Lebesgue measure. 
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A pair potential is a measurable function <j>: R rf —> R U {+ 00 } such that 4>(—x) = We 

will also suppose that cf>(x) E R for x E W l \ {0}. For A E 0 c (R d ), a conditional energy E^: T —> 
R U {+ 00 } is defined by 


, . E 0(®-y). 

Ef(j) := < {i.slCT, {a: 1 J/}nA^0 


+ 00 , 


if E I^O - y)| < 00 , 

{x,y}C 7, {a;,y}nA^0 
otherwise. 


Given A E 0 c (R d ), we define for 7 E T and A E £>(T) 


i-i 


nfh,A):=l {z ,, 4<co) h)[Z^( 7 )r 

X / la(7A" +7A) ex P [- Ea(7a* + 7a)] **W), 


where 


Z 


^( 7 ) : = exp [ - E ^( 7A c + 7 ^)] n z (d'y l ). 


A probability measure jit on (T, £>(T)) is called a grand canonical Gibbs measure with interaction 
potential 4> if it satisfies the Dobrushin-Lanford-Ruelle equation 


A* n Z k = ! J 


for all A E O c (R d ). 


Let Q(z, 4>) denote the set of all such probability measures y. 

It can be shown [ 261 that the unique grand canonical Gibbs measure corresponding to the free 
case, (f> = 0, is the Poisson measure n z . 

We rewrite the conditional energy E^ in the following form 


where the term 


^a(7) = ^X(7a) + W(7a|7A«), 


E <l>(x-y), if E 

W( 7A I 7A C ) = ^ x ^lA,y&'YA^ ^G7A,y67 A c 

+ 00 , otherwise, 


(x - y) | < 00 , 


(4.1) 


describes the interaction energy between 74 and 7 ac. Analogously, we define W{^' | 7 ") when 
7 ' Hy" = 0. 

We suppose that the interaction potential cj) is stable, that is, the following condition is satisfied: 
(S) ( Stability ) There exists B > 0 such that, for any A E 0 c (R d ) and for all 7 E Ta, 

Ei(l) > —B\j\. 


(Notice that the stability condition automatically implies that the potential (j) is semi-bounded 
from below.) 

Then, any y E Q(z,(f>) satisfies identity ( |2.10| ) with 

p{l, x) = z exp [ - W({x} | 7 )]. (4.2) 
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In fact, this property uniquely characterizes a Gibbs measure in the sense that any probability 
measure /j on (T, £>(T)) belongs to Q(z , 4>) if and only if g, satisfies (2 .10 ) with p(y, x) given by ( |h^ ) 
(cf. p5| , see also p^|). 

Let us now describe a class of Gibbs measures which appears in classical statistical mechanics 
of continuous systems [^]. For every r = (r 1 ,..., r d ) G Z d , we define a cube 


Qr •— X G 




These cubes form a partition of M rf . For any 7 G T, we set y r := 7 n r , r G Z^. For ./V G N let A n 
be the cube with side length 2N — 1, centered at the origin in W l . An is then a union of ( 2N — l) d 
unit cubes of the form Q r . 

We formulate the following conditions on the interaction. 


(SS) ( Superstability ) There exist A > 0, B > 0 such that if 7 G for some N, then 

<v(7)> E [Ahr\ 2 -B\ lr \\. 

re z d 


This condition is evidently stronger than (S). 


(LR) (Lower regularity) There exists a decreasing positive function a : N — > M+ such that 

E a (H) < 00 

and for any A 7 , A" which are finite unions of cubes Q r and disjoint, with 7' G Ta', r y" G Ta", 

W(y | 7") > - E a ^ r ' “ r ' , H)l'Tw I \lr" I• 
r',r"£Z d 

Here, || • || denotes the maximum norm on M d . 


(I) ( Integrability ) We have 



1 — e | m(dx) < +00. 


A probability measure 7/ on (F. £>(r)) is called tempered if /i is supported by 


Soo'-= |J S ri 


n=1 


where 

S n ■= {7 g T | VN G N E l7r| 2 < n^AjvnZ^I }. 

r£A N CZ d 

By Q t (z,(j)) C Q(z,<f>) we denote the set of all tempered grand canonical Gibbs measures (Ruelle 
measures for short). Due to []52| the set Q l {z,cj)) is non-empty for all 2 > 0 and any potential cj> 
satisfying conditions (SS), (LR), and (I). 

Let us now recall the so-called Ruelle bound (cf. [fi^l). 
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Theorem 4.1 Let (f> be a pair potential satisfying conditions (SS), (LR), and (I), and let p E 
G t (z, <f>), z > 0. Then, for any n E N and any measurable symmetric function f : (M rf ) n —> [0, oo], 
we have 


j 22 f in) (xi,...,x n )n(d'y) 

r {n,...,x„}C7 


1 

n! 



x n )k<?X Xl ,...,x n ) m(dx i) • • • m(dx n ), 


where kis a non-negative measurable symmetric function on (R d ) n , called the n-th correlation 
function of the measure p, and this function satisfies the following estimate 


V(xi, ...,x n ) E (R d ) n : k^( Xl ,.. ,,x n ) < C, 


(4.3) 


where £ > 0 is independent of n. 


The above theorem particularly implies that any Ruelle measure /a satisfies (2.8). 
We suppose: 


(SI) There exists r > 0 such that 


/ 

J B(r) c 


(x)| m(dx) < oo, 


where B(r) denotes the open ball in R rf of radius r centered at the origin. 


Lemma 4.2 Let (SS), (LR), (I), and (SI) hold. Then, 


\ <j){x — y)\ < oo for p ® m- a.e. (7, x) E T x R. 

3/S 7 


Moreover, for p ® m-a.e. (7, x) E T x 


p( 7 , x) = 2 : exp 


y^x-y) 

L 3/67 


> 0. 


Proof. It is enough to show that, for any A gO ( 

|</>(x — y)\ < 00 for p <g> m-a.e. (7, x) E T x A, 

yS 7 (ah c 

where A r :={y E R^ : d(y, A) < r}, d(y, A) denoting the distance from y to A. 
By Theorem |l.l| and (SI), 

/ p(d'f) / m(dx) E |^>(x - y)| 

,/A yS7(A^)c 


(4.4) 
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= / m(dx) / n{dr/) / 7 (dy) |</>(x - y)|Wv=(y) 

= /™n/ | Wto ) 

<£ / m{dx) / m(dy) \f>(x — y)\ 

J A -/(AMe 


< £m(A) 


' B(r) c 


'(A r ) c 

|<Ky)l ™(dy) < oo, 


which implies (^4|). The second conclusion of the lemma now trivially follows from (4.1) and (|4.2|). 

■ 

We suppose also that the two following conditions are satisfied (compare with [10|). 

(D) ( Differentiability ) e - ^ is weakly differentiable on R d , is weakly differentiable on R d \ {0}, 
and the weak gradient V(/> (which is a locally m-integrable function on R rf \ {0}) considered 
as an m- a.e. defined function on R rf satisfies 


Vfi <E L 1 (M d , e~^m) n L 3 (R d , e^m). 


(4.5) 


Remark 4.3 It follows from (D) that 

Ve -?i = —V(j)e~^ m- a.e. on R d . 


(S2) There exists i? > 0 such that 



< oo. 


Proposition 4.4 Let (SS), (LR), (I), (D), (SI) and (S2) hold. Then, any y E G t {z,(fi), z > 0, 
satisfies the conditions of Theorem |3.5| and 

B fl ('y,x) = - ^2 V^(x-y), x E 7 , y-a.e. 7 E r x . (4.6) 

2/€7\{z} 


Proof. We first prove that, for /i-a.e. 7 E Tv p( 7 , ■) is weakly differentiable on W 1 . We hx any 
/ 6 P and v, a smooth vector field on R d with compact support, and let A E O c (M d ) be such that 
the supports of both / and v are contained in A. Let (Ajv)jv=i be the sequence of subsets of R d as 
in (SS). Let N E N be so big that A R C A at. Then, using Remark fO, we get 


/exp 

- ^ x ~y) 

/A 

y&i a n 


= / exp 
J A 


■ J2 ^ x ~y) 

y^r a n 


(Vf(x),v(x)} zm(dx) 


/(*) ( J2 (V<j>(x — y), v(x)) — divn(x) I zm(dx) 
. y ^ r ajv 


(4.7) 
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= / exp 
J A 


Z x ~ y ) 


ye 7 a„ 


/(*) Z (V(j)(x — y),u(x)) — divu(x) I zm(dx) 

v&'Iar 


+ / exp 


Z < t > ^ x ~y) 

y&iA N 


f( x ) ( Z (V(j)(x — y), v(x)) J zm(dx). 

^a n \a R 


We know from |5^, Lemma 5.1, Proposition 5.2 and its proof] that, for each 7 E S'oo, there exists a 
constant ( 7 ( 7 ) >0 such that 


V1V E N, Vx E A : exp [ — W({x} | TAjv)] < £( 7 ). 
Moreover, analogously to the proof of (4.4), we conclude from (S2) that 

/ \\7cf>(x — y)\zm(dx) < 00 for /x-a.e. 7 E Tj. 

A J/G 7 (A fljc 


(4.8) 


(4.9) 


Now, by virtue of Lemma 4.2, n, 0 - 0 . and the majorized convergence theorem, we get 


exp 


■ Z ~ y ) 

L y&i 


(V/(x), u(x)) zm(dx) 


= / exp 
J A 


L 2/67 


/(*) z (V0(x — 2/), u(x)) — divu(x) zm(dx). 
\y &7 / 


(4.10) 


Therefore, for /r-a.e. 7 E T, ^( 7 , ■) is weakly differentiable on and 

At(7, z) = - Z V ^(- - 

2/G7 

so that is given by ([O]) . 

Finally, let us show that, for any A E 0 c (M rf ), 

[ (Z Z l v 0 (®-iOl) M<* 7 ) 

F \a:G7A i/£7\{a;} / 

Z |V?i(x - y)|(iA(x) + ].A(y)) I At(ebO < 00, 

^{a;,y}C7 / 

which implies ( |3.S| ) with e = 1. 

The proof of (|4.10 ) is essentially analogous to that of JR], Lemma 4.1], so we only sketch it. 
By using |3^, Proposition 3.11] and Theorem |4.1| , we get, for any non-negative symmetric function 
</?( 2 )(x,y) on (M d ) 2 : 


Z ^ ( 2 ) (^ 5 y)] d’idi) 

. {x,y}C 7 


(4.11) 
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= Cl / (p ( - 2 '>(xi,X 2 )<p < ' 2 \x 3 ,X 4 )v < ' 2 \x 5 ,x e )k < ;® ) (xi ,.. . ,x 6 )m(dxi) • • • m(dx e ) 

J(R d ) 6 

+ c 2 / ^ (2) (x’i,X2)^ (2) (x’i,x 3 )^ (2) (x’4,a:5)fei 5) (2:i,- ■ .,x 5 )m(dxi) ■ ■■m(dx 5 ) 

J(R d ) s 

+ / (c 3</> {2) (x'l, X 2 ) V 2) (x 3 , X 4 ) + C4V? (2) (xi, X 2 V (2) (x 2 , X 3 )V9 (2) (x 3 , X 4 ) 

J{ R d ) 4 

+ c 5 </? (2) (xi,X 2 )</? (2) (xi,x 3 )^ (2) (xi,x 4 ))/c| t 4) (xi,..., x 4 ) m(dxi) ■ ■■m(dxfi) 

+ c 6 / (y? (2) (xi, X 2 ) V 2) (xi, x 3 ) + c 7 <// 2) (xi, X 2 )^ (2) (® 1 , X 3 )<^ (2) (x 2 , X 3 )) 

■/(R d ) 3 

xkj^\x i, X 2 , x 3 ) m(dxi)m(dx 2 )m(dxs) 

+ c 8 / ^^ 2 ^(xi,x 2 ) 3 A:^(xi,X 2 )m((ixi)?n((ix 2 ), 

J(R d ) 2 

where ci,... ,c 8 >0. We recall also the estimate (cf. []H| formula (4.29)]) 


V(xi,...,x n ) G (R d ) n : k^\x x n ) < i?,, 


exp 




i - Xi 


l<i<j<n 


(4.12) 


where n G N and _R n > 0. Finally, one proves ( |4.10| ) by using (fO|), ( [4.11] ), ( |4.12| ), and the 
semi-boundedness of the potential f from below. ■ 


(4.13) 


Proposition 4.5 Let the conditions of Proposition [4.4| be satisfied, let for some TZ > 0 

4>(x) <0, x G B(7Z) C , 


and let one of the two following conditions is satisfied: 


(a) (f G C(M d ) and for each 7 G S 0Q the series Yl x e 7 <K‘ — x ) converges locally uniformly on X ; 

(b) d > 2, <f> G C(M d \ {0}), and /or eac/i 7 G S/o f/ie series ~ x ) converges locally 

uniformly on X \ 7 . 


Then, the conditions of Theorem [b9] are satisfied for each p G £7* ( 2 , </). 


Proof. Evidently, (a) implies condition (i) of Theorem 3.9 and (b) does (ii), so that we only have 
to show ( 3.15| ). Let us fix any 7 G <Soo- It follows from the definition of S/o that there exists 
C = 0 ( 7 ) G N such that 


|7Ajvrl < C'm(Ajv), JVgN. 


(4.14) 


Let us assume that in ( 4.13 ) 7 Z = 1/4, otherwise only a trivial modification of the proof is 
needed. 

For a > 0, let [a] denote the integer part of a. Supposing that there exist [1 (2 N — l) d ] + 1 
Q r cubes in A tv which contain at least 3 C points of 7 , we come to a contradiction with ([4. 14). 
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Therefore, there exist at least (2 N — l) d — (21V — I) 6 *] cubes which contain less than 3 C points 

of 7 . Setting N —► 00 , we conclude that there exists an infinite sequence {Q r ( k \, k G N} of cubes 
which contain < 3 C points of 7 . Let x k denote the center of the cube Q r ( k )- Then, 



Vx G B(x k , 1/4), k G N : 

|-B(x, 1/4) fi 7 | < 3 C. 

(4.15) 

In case of (a), we 

get by (|4.15|): 




Vx G B(x k , 1/4), k G N : 

(j)(x — y) < const, 

2 /e 7 

(4.16) 

and hence 

Vx G B{x k , 1/4), IgN: 

p( 7 , x) > exp(—const). 

(4.17) 

Therefore, ( 7 ( 7 , •), as well as all measures 0 ^( 7 , •), k >2, are infinite measures. 

In the case of (b), we proceed as follows. Any ball B(x k , 1/4) contains 3 C open disjoint balls of 
of radius 1/(12C'), and at least one of these balls does not contain any point of 7 . Therefore, each 


B(x k , 1/4) contains a ball B(y k , 1 /(24C7)) such that 


Vx G B(y k , 1/(24 C)) : 


inf \x — y\ > 1/(24C). 
ye 7 


(4.18) 


By (b) the function <f> is bounded on {x G R d : 
(4. 18|) , we again conclude that all 0 ^( 7 , ■), k G 


1/(24C) < \x\ < 1Z}, and therefore by ( |4.15[) and 
N are infinite measures. ■ 


Proposition 4.6 Let (SS), (LR), (I), and (S2) hold. Furthermore, let the interaction potential <j) 
satisfy the following conditions: 


(i) (f G C 2 (M d \ { 0 }), e ^ is continuous on R rf , 
function on 


and e extends to a continuous vector-valued 


(ii) for each 7 G Soo, the series <!>(•-z), Ex 67 V< X-- X )> and Y.x&ytf'k-*) converge locally 

uniformly on X \ 7 ; 

(iii) (|4.5|) holds, and furthermore, 

</>" € L 1 (R d ,e-*m)nL 3 (R d ,e~' p m). (4.19) 


Then, any y € Q t (z,(j)), z > 0, satisfies the conditions of Theorem 3.14. 


Proof. As easily seen, conditions (i)-(iii) of Theorem 3.14 are now satisfied. Indeed, let us fix any 
7 G Sqo- By condition (ii), 


P( 7 , x ) = exp 


- y) 

ye 7 


> 0 , 


x G R d \ 7 . 


(4.20) 
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It follows from the definition of S oo that, for any y E S), 0 , 7 \{y} again belongs to So Q , and therefore, 
the function 


Oj >y 9 x 1 —> exp 

l 

1 

W 

1 

1 _ 

= exp [—(j}(x — y)\ exp 

- Y <t>( x - z ) 


2:67 


267\{ j /} 


is continuous by (i) and (ii). Hence, p(y, •) is continuous on R . Moreover, by (i), (ii), and ( 4.2C ), 
the function p(y, •) is two times differentiable on M d \ 7 , and analogously to the above, we conclude 
that the form 


V x/ o( 7 , x) = — exp 


-(j)(x-y)- Y (j>(x-z) 

2S7\{j/} 


(v4>(x-y)+ Y 


2G7\{y} 

is continuous on so that V x/ o( 7 , •) is continuous on W l . Finally, for any x E W l \ 7 , 


V x/ o (7 + e y , x) = - exp 


-c/)(x -y) ~Y^( X ~ z) 

26 7 


is differentiable in y on W l \ (7 U {x}), and 

p(i + £ x,y) 


p(n + e y ,x) 


V x p (7 + £j / ,x) = - exp 


4>(x -y)~Y^ z ~y) 

267 


V0(x -y) + Y _ Z )J 

267 ' 


V0(x - y) + Y _ z ) J 

26 7 ^ 


extends to a continuous form in y on M. d . 


That (T 8 ) holds follows from (T5) and (S2) (see the proof of Proposition 4.4). Thus, it only 
remains to show that ( |3.40| ) is also satisfied. 

It follows from the above that, for each 7 E Soo, 

B ii(j,x) = - Y V<Kx-y), a;E7, 

y 67 \{a-} 


and hence, by (i), (ii), we get for any x,y E 7 : 

y n C \ i<l>"(x-y), 

Vj / H /1 (7 ,x) = 


if x + y- 


-'Lze-y\{x} ( l ) "( x - z )i if x = y- 

Hence, for any A E £? c (M d ), we get 

J (Y II v ?/- b m( 7,®)I|') M d 7) 


(4.21) 


\y£l 167 A 
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3 


/ ( ||v^( 7 ,x)||+ l|V w S /x ( 7j s)||j y(d 7) 

r \zS7a ®G7a i/G7\{a;} / 


^ ( 2 E E »*>- 

3:G7A j/G7\{x} 


/x(d7). 


The finiteness of the latter integral in (4.21) follows from (4.19) in the same way as (4.1C) follows 
from (4.5). ■ 

Remark 4.7 Let the interaction potential 4> satisfy conditions of Propositions |4.6| . Then, by using 
Lemma |2.l|, Theorem 3.17, and Proposition fO|, we easily see that, for every W E VLl 1 , 


£ »,i( w , w ) = A*( d 7) J^ d m(dx) exp (^-^^(x-y)^ \V x W(i + e x ,x )\ 2 

+ \ i d-(d'y) / m(dx) / m(dy) exp ( - <j>(x ~ x') - Y] Hv ~ y') ~ <K x - y ) 

2 J J K d J R d \ "r 7-^ 

x 67 y &7 

X0"(x - y)(W{-f + s x + £ y ,x) - PL (7 + e x + £ y ,y)) [W^ + e x +£ y ,x) -W(^ + e x + £ y ,y)). 


Finally, we present several examples of potentials which satisfy conditions of Propositions |4.4| - 

0 - 

Example 1. (j) E C ( ) (R d ), cj) > 0 on M d , and cf>(0) > 0. 

Example 2. (Lennard-Jones type potentials) cj) E C 2 (R d \ {0}), ^» > 0 on M rf , <j)(x) = c|x| _ “ 
for x E B(r{), 0(x) = 0 for x E B(r 2 )°, where c > 0, a > 0, 0 < r± < r 2 < 00 . 

Example 3. (Lennard-Jones 6-12 potentials) d = 3, 4>(x) = c(|x| -12 — |x|~ 6 ), c > 0. 


4.3 Gibbs measures on configuration spaces over manifolds 

In this subsection, we will shortly discuss the case of a Gibbs measure y on Tx, where X is again 
a general manifold. 

We formulate the following conditions on the interaction potential (f>, which is now a symmetric 
functions (f> : X 2 —* M U {+ 00 }. 

(S) ( Stability ) There exists B > 0 such that, for any A E O c (X) and for all 7 e Ta, 

e a(i)-= tfav) > ~ B \iV 

{x,y} C7 

(I) (Integrability ) We have 

C:=esssup f \e~^ x,y ^ — lj m(dy) < 00 . 
xex Jx 

(F) (Finite range ) There exists R > 0 such that 

4>(x,y) =0 if d(x,y ) > R. 
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In a completely analogous way as for the case of one defines a Gibbs measure y corresponding 
to the interaction potential and activity parameter z > 0 , and one denotes by Q(z,4>) the set of 
all such measures. 


Theorem 4.8 ( [|33| , 34 , 35]) 1) Let (S), (I), and (F) hold, and let z > 0 be such that 

1 


2< 2i (e 


2 B 


C) 


-1 


where B and C are as in (S) and (I), respectively. Then, there exists a Gibbs measure y £ G(z,<j>) 
such that the correlation functions of the measure y satisfy the Ruelle bound (fO|). 

2) Let be a non-negative potential which fulfills (I) and (F). Then, for each z > 0, there exists 
a Gibbs measure y £ G{z,(f) such that the correlation functions of the measure y satisfy the 
Ruelle bound (4.3). 


Proposition 4.9 Suppose the conditions of Theorem 4.8 are satisfied and furthermore suppose that 
the interaction potential <p satisfies the following conditions: 

(i) 4> £ C 2 (X 2 \ X 2 ), e~^ is continuous on X 2 , and eX <2 X]‘ f extends to a continuous vector field 
on X 2 (here Xf^cj) denotes the gradient of the function cj> in the first variable ); 


(ii) we have 


ess 
xex 


sup [ \(X^n(x,y)\ n e W (-cf( X ,y))m(dy)<0 0 , k 
\x Jx 


= 1,2, n = 1,2,3. 


Let fi £ <3(z,4>) be as in Theorem F8. Then , y satisfies the conditions of Theorems |3.5| and |3.14] . 

Proof. The proof of this proposition essentially follows the lines of the proof of Proposition [4.6| , and 
is even easier, since due to condition (F) all series 7 y)i 7 £ Tx, x £ X \ 7 , are finite. ■ 


Proposition 4.10 Suppose that the manifold X satisfies the following condition: 

Vr > 0 : 0 < inf m(B(x,r)) < sup m(B(x,r)) < 00 . 

zex xgx 


(4.22) 


Assume that the conditions of Propositions |4J3| are satisfied and either is a continuous bounded 
function on X 2 , or d > 2 and 

Vr > 0 : sup sup \<f{x,y)\ < 00 . 

x£X y£X, d(x,y)>r 


Let y £ G(z,4>) be as in Theorem T 8 . Then, the conditions of Theorem |3.9| are satisfied. 


Remark 4.11 Condition (4.22) is satisfied in the case of a manifold having bounded geometry, see 
pl| . The upper estimate sup^g x m(B(x,r)) < 00 , r > 0, holds for manifolds having non-negative 
Ricci curvature (see e.g. [21, Proposition 5.5.1]). 
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Proof. Let us fix any sequence { B(x n , 2 R), n £ N} of disjoint balls in X , where R is as in (F). Let 


N 

A n := U B(x n ,2R), IV £ N. 

72—1 


(4.23) 


By ( 4.22 ), m{ Ajv) —> oo as N —> oo. By Theorem [T^, the correlation functions k\f'^ satisfy 
the Ruelle bound. Hence, it follows from (the proof of) []32| , Theorem 2.5.4] that there exists a 
subsequence {A 7 v(fc), k £ N} such that, for y-a.e. 7 £ T, there exists C = C( 7 ) > 0 satisfying 


By flggHggg), 


l7A w(fc) I < Cm( Ajv(fc)) for all k £ N. 

|7Ajv (fc) l < C'( supm(B(s, 2R))^N(k), k £ N. 


(4.24) 




Since by ( 4.22| ) inf^gx m(B(x, r)) > 0, r > 0, the rest of the proof is now completely analogous to 
the proof of Proposition [0| ■ 

Example. Suppose that the manifold X satisfies (4.22), and for some R > 0 


sup sup \Xy f(x,y)\ Ty x < 00 , fc = 1 , 2 , 

x£X y£B(x,R) 


where 

X 2 9 (x,y) f(x,y):=d(x,y) 2 £ R. 


(For example, these conditions are satisfied if the manifold has a periodical structure.) Let 
<F £ C' 2 ([0,oo)) be such that 4 > 0 on [0, 00 ) and <h(x) = 0 for x > R 2 . Then, the potential 


(j>(x,y):=$(f(x,y)) satisfies the conditions of Propositions 4.9, 4.10 
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